AREAS OF RECTANGLES AND PRODUCT SETS OF SUM SETS 
CN ' OLIVER ROCHE-NEWTON AND MISHA RUDNEV 

o 

C*\) ' Abstract. Given two points p, q £ R 2 , the area of the rectangle with points p and 

» I '_ q at opposite corners can be calculated. In this paper, it is proven that N points 

in the plane generate fl( , N „ ) rectangles with distinct areas, or alternatively 
all areas are zero. Consequently, the following near-optimal sum-product type 
estimate for discrete sets of reals A, B is obtained: 



oo 



(N ' \{A±B)-(A±B)\ > 

o 



C3 



\A\\B\ 



log\A\+\og\B\- 

The signed area of the rectangle with the diagonal [pq] equals the square of the 
Minkowski distance between the points p, q, and the proof of our main result is in 
r) ' essence an adaptation of the Guth-Katz proof of the Erdos distance conjecture to 

the case of the Minkowski distance. It requires a certain amount of care, however, 
because one of the assumptions of the Guth-Katz incidence theorem in R 3 may 
get violated violated, owing to the possibility of having many zero Minkowski 
distances. 



> ■ 

^ , 1. Introduction 

pi ■ The main result of this note if the following sum-product type inequality for finite 

\Q , sets A, B of reals: 

en 

C^ : (1) \(A±B)-(A±B)\^> ! l||/J| 



log \A\ + log \B\ ' 

As usual, 

A + B = {a + b: a£ A,b £ B} 

'i-i ■ denotes the sum set of A and B, the difference, product, etc. sets being simi- 

larly defined. Throughout, we use the standard notations <C, 3> to absorb unspec- 
ified universal constants c, C in inequalities, as well as | • | for finite cardinalities; 
| .A |, \B\, N S> 1 are viewed as asymptotic parameters. 

The geometric way to arrive in the inequality ([TJ is as follows. For two points 
P = {PI1P2) and q = ((71,(72) in M 2 , the rectangular area, R(p,q) between the two 
points is defined as 

(2) R(P,Q) ■= (<7i -Pi)(Q2-P2)- 

Observe that R(p,q) = R(q,p) and that the absolute value of the signed quantity 
R(p, q) is always equal to the area of the rectangle with p and q at opposite corners. 
Let's assume for now that p and q are points with no common coordinates. If p and 
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q take up positions in the bottom left and top right corners of the rectangle, then 
R{p, q) > 0) whereas R(p, q) < if the defining points are at the top left and bottom 
right corners of the rectangle. For a set P of points in the plane, let 

(3) R(P):={R(p,q):p,qeP} 

denote the set of all rectangular areas generated by P. The following result about 
the number of distinct rectangular areas will be proved. 

Theorem 1. Let P be a set of N points in the plane such that not all points of P 
lie on a single horizontal or vertical line. Then 

(4) W)l> A 



logiV 

Let Q C M. 2 be another point set, also containing N elements, and define 

R(P,Q):={R(p,q):p£P,q£Q}. 

It is straightforward to adapt the forthcoming proof of Theorem Q] in order to show 
that 

(5) 1^,0)1 >^_. 

Theorem Q] has immediate consequences when P is taken to be a Cartesian prod- 
uct. If P = A x A, for some finite set A of reals, Theorem [1] gives the following 
estimate: 

(6) \{A-A).{A-A)\>^^. 

Furthermore, let P = —A x —A and Q = A x A. Then ([HJ implies that 

\A\ 2 



(7) |(A + ^)-(^ + A)|» log| ^ | . 

Similarly, one can choose P = A x B, Q = ±B x ±A to arrive in JT]). 

The motivation for this result comes from two classical problems in geometric and 
arithmetic combinatorics: the Erdos distance problem, concerning the minimum 
number of distinct Euclidean distances that an arbitrary set of N points in M 2 
generates, and the Erdos-Szemeredi conjecture (pj]) that if A is a set of integers, 
then 

(8) \A + A\ + \A ■ A\ ^> \A\ 2 -°^ . 

The Erdos distance problem was recently resolved by Guth and Katz ([7]). They 
proved that N points will always determine Q( i orN ) distinct Euclidean distances 
by applying (at least) two main new ideas to the problem. One, due to Elekes and 
Sharir ([3]) was to interpret the plane problem about Euclidean distances as a three- 
dimensional incidence problem between straight lines in the real plane rigid motion 
group SE2. The other was to introduce the polynomial method, and in particular 
the polynomial version of the Ham Sandwich theorem of Stone and Tukey (|12j) 
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attributed to Gromov ([6]) to prove a generally sharp upper bound for the number 
of incidences in the latter incidence problem. 

More precisely, the estimate Q( y OKN ) f° r the number of distinct Euclidean dis- 
tances generated by a set of N points in M. 2 , after having been "lifted" into three 
dimensions, follows by the Cauchy-Schwarz inequality from the following incidence 
theorem. 

Theorem 2. A set of N 2 lines in M. 3 such that 
(i) no more than 0(N) lines are concurrent, 
(ii) no more than O(N) lines lie in a single plane, 
(Hi) no more than O(N) lines lie in a single doubly ruled surface, 
has O (iV 3 log Nj pair-wise intersections. 

See the original paper of Guth and Katz ([7]) and the references contained therein 
for their other applications of these ideas shortly before they settled the Erdos 
distance problem. 

These ideas have been taken up by others to achieve some progress in problems 
dealing with, e.g., sum and product sets. Iosevich and the authors of this note ([9]) 
obtained a near-optimal estimate 

I /1I2 

(9) \A-A ± A-A\^> 



log |4' 

after establishing the lower bound 0( j ogiN ) for the number of distinct dot (cross) 
products defined by a plane set of (non-collinear) N points. The proof, after having 
interpreted the problem as a line incidence problem in the real three-dimensional 
group SL2, became essentially tantamount to checking the assumptions of Theorem 
[2] and applying it "as a hammer" . 

Jones ([H]) considered the action of the group PSL2 on the real projective line, 
with the objective of establishing the minimum number of "pinned" cross-ratios 
determined by a finite set AcK. He proved, among other things, that 



(10) 



a(b — c) , . 

77 {■ a,b,ceA 

o(a — c) 



\A\ 
> 



log \A\ 



However, the incidence problem in three dimensions that ensued after "lifting" the 
problem on the real projective line to the symmetry group PSL2 turned out to be 
one between points and planes and it sufficed to use the older incidence theorems 
that go back into the early 1990s, e.g. a paper of Edelsbrunner et al ([2]), to prove 
()10p and other similar results in [llj. However there appears to be no immediate 
evidence that the estimate (I10p is sharp, namely that one cannot have |4 3 there 

in the right-hand side. 

The sum-product type bounds (|l|6|7p are similar in appearance to ([9]), with ad- 
dition and multiplication swapped. The latter estimate can also be modified in an 
obvious way to incorporate two sets A and B, where the cardinality \A\ and \B\ do 
not have to be comparable. 
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Note that if one replaces (A — A) -(A — A) in ([6]) by the ratio set 34^4, then (when 
\A\ is an even integer) there is a bound 

A- A 



(11) 



A- A 



> \A\ 



which follows from the early 1980s result of Ungar (|14j) that 2N non-collinear 
points in the plane determine at least 2N distinct directions. The fact the number 
of distinct directions is Q(N) had been already known prior to that, having been 
based on a considerably more straightforward way of using the order properties of 
the reals than the Szemeredi- Trotter incidence theorem ( [T3] ) , which plays a key role 
for the rest of the discussed results. 

What has been termed in the outset as "rectangular area" between the points 
p, q is nothing else but the square of the Minkowski length (with the length element 
dl expressed in the affine (pi, ^-coordinates as dl 2 = dpxdp^) of the straight line 
segment \pq] , connecting the points p and q. The more traditional expression dl 2 = 
(dp'i) 2 — (dp'2) 2 for the square of the Minkowski distance element follows immediately 
after the linear change of variables 

(12) Pi = Pi + P2, P2 = Pi ~ v'i- 

Thus Theorem Q] states nothing but that if a set of N points in the plane is 
such that all pair-wise Minkowski distances are zero, then there are ^> lo N distinct 
Minkowski distances. Throughout the rest of the paper we work in the non-prime 
coordinates in (|12p . that is the "light cone" is the union of the x and y axes. Doing 
this spares the necessity of ever coming in this paper across hyperbolic functions to 
arrive at the parameterisations we aim for. 

To stress the relationship of Theorem Q] to the Erdos-Szemeredi conjecture, it is 
worth mentioning that the Minkowski distance concept has been used in the 2007 
paper of Hart et al ([8]) to establish a non-trivial, and the best at the time finite 
field sum-product inequality for sets A C ¥ q with cardinality q ' 5 -C |-A| *C q ' 7 - 
The latter paper used Kloosterman sums to estimate the maximum number of times 
a single distance occurred, having followed the considerations in the paper [10] of 
Iosevich and the second author on the finite field version of the Euclidean distance. 
Likewise, the sum-product type estimate ([IJ is the main interest of this paper, and 
the variant of the Erdos distance problem for the Minkowski metric claimed by 
Theorem [1] is a vehicle to arrive in this estimates. 

The proof of Theorem Q] follows closely the Guth-Katz approach to the Euclidean 
Erdos distance problem. To be precise, it will be shown that the problem of bounding 
from below the number of distinct rectangular areas can be reduced to the problem 
of bounding from above the number of pairwise intersections of a particular set of 
TV 2 lines in R 3 . Each individual line l ps is defined by a pair (p, s) of points in P and 
corresponds to a one-dimensional family of non-degenerate affine transformations of 
the plane which map p into s and preserve the Minkowski distance, alias rectangular 
area. Transformations of this type form a three-dimensional group Gr = ISO(l, 1), 
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combining translations with the hyperbolic rotation group SO(l,l). In the non- 
prime coordinates in (|12ft this means combining translations with non-degenerate 
dilations by factors z,z , z / 0, respectively in the two coordinate axes direc- 
tions. A transformation that maps p into s is defined up to a left multiplication by 
an element of a subgroup of 750(1,1), which stabilises s. The latter subgroup is 
isomorphic to 5*0(1, 1), and is topologically a punctured line. Working with rectan- 
gular areas, that is using the non-prime coordinates in (I12p allows for straightforward 
parameterisations for these lines. 

Theorem [2] does not apply immediately to the set of lines {l ps }, because the 
condition (ii) of the Theorem is not guaranteed to be satisfied. Generally (although 
not in the case P = AxA) there may be "rich planes" , namely those containing more 
than O(N) lines. Rich planes, however, may be put into a one-to-one correspondence 
with pairs or "rich coordinates" of the set P, and thus, after possibly some pruning 
of the set P, each line l ps may lie in no more than one such plane. Incidences solely 
between pairs of lines within an individual rich plane correspond to zero areas, 
whose L 2 -count can be plentiful indeed: consider P equally distributed between two 
parallel vertical lines. Zero areas shall not be included into the general counting 
argument, and it takes some effort adapting the proof of Theorem [2] to take this 
into account. We make references to the technical aspects of the proof of the above 
theorem in [7J throughout, aiming to avoid repeating the arguments verbatim. 

The rest of this paper will be concerned with the proof of Theorem [TJ 

2. Proof of Theorem CD 

2.1. Rectangular quadruples. Following [S\ and [TJ, the size |P(P)| of the set of 
rectangular areas, or squares of Minkowski distances generated by P will be esti- 
mated by the Cauchy-Schwarz inequality from the upper bound on the number of 
pairs of segments with equal Minkowski nonzero lengths, referred here as "rectan- 
gular quadruples". 

For x £ R(P), define its number of realisations 

fi(x):=\{(p,q)ePxP:R( P ,q)=x}\. 

Observe that 

(13) iV 2 = Y, /i(*) = l>(aO + |{(p,g)€PxP:fl(p,g) = 0}|. 

xeR(P) x^O 

Let us further use the notations R*(P) = R(P) \ {0}, as well as R* = R \ {0}. 

We can assume from now on that a single vertical or horizontal line does not 
support more than cN points of P, for otherwise, as long as there is a point of P 
not supported on the latter line - a circumstance which can be assumed thanks to 
the hypotheses of Theorem Q]- we have |P(P)| S> N. 

Then it follows from (Tl3l) that 



(14) iV 2 « Y, M*)- 

x£R*(P) 
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Indeed, if the second term in (fT3l) were to exceed 2cN 2 , there would be a p G 
P, such that \{q £ P : R(p,q) = 0}| > 2ciV, hence a vertical or horizontal line 
supporting at least cN (but not all) points of P. 

Hence, by the Cauchy-Schwarz inequality, 

(15) iV 4 « ( £ v(x)A \R(P)\. 

A quadruple (p, q, s,t) £ P is defined to be a rectangular quadruple if 

(16) R(p,q) = R(s,t)^0. 
Note that the quantity, denoted further as 

(17) 2= E ^) 2 

xS-R*(P) 

is the number of rectangular quadruples. 

Theorem Q] then follows from the next Proposition, by combining it with (|15p . 

Proposition 3. For a set P of N points in the plane, the number of rectangular 
quadruples 

(18) Q^N 3 logN. 

2.2. Isometries. Next, following [3j and [7], the quantity Q is related to an inci- 
dence problem in the three-dimensional Lie group 750(1, 1) of Minkowski isome- 
tries, that is affine transformations of the plane which preserve rectangular area and 
orientation. 

Notation: 1) For x,y G R, the translation by (x,y) will be denoted by T( x ^ y y So 
T (x,y)(a,b) = (x + a,y + b). 

2) For z £ W, S z denotes the rectangular area preserving dilation defined by 
S z (a,b) = (za,~). 

An affine map (/> : M 2 — )• M 2 is said to be rectangle preserving if it is of the form 
4> = Tf Xt y\ oS z , for some triple (x,y,z) GRxlx R*. In other words, if p = (pi,P2) 5 
then 4>{p) = (x + zpi,y + z~ 1 p2). It is easy to check that rectangle preserving 
maps form a subgroup Gr of the group of affine transformations of the plane. In 
particular, if <f> = Ti x ^ y \ o S z , then _1 = Ti xz -i^_ yz \ o S z -\. It is also easy to check 
that transformations from the group Gr preserve rectangular area. 

Indeed, let <f> = T^ x ^ o S z . Then (p(pi,P2) = (x + zpi, y + z~ l p 2 ) and <f>{qi,q2) = 
(x + zqi, y + z~ 1 q2)- Therefore, 

R{<t>{p)A{q)) = {qiz + x- (piz + x))(y + q 2 z~ l - (y + p 2 z~ 1 )) 

( 19 ) = z(qi-pi)z~ 1 (q 2 -p 2 ) 

= R(p,q). 

Clearly, as z = is not allowed, the group Gr has two connected components, 
and is, in fact, the group ISO(l, 1) of orientation and Minkowski metric preserving 
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transformations of the plane, which follows from the rest of the lemmata in this 
section. 

Lemma 4. Let p,q,s,t £ P such that R(p, q) 7^ 0. Then (p, q, s, t) is a rectangular 
quadruple if and only if there exists some (ft £ Gr such that (f)(p) = s and (ft{q) = t. 

Proof. It remains to prove the necessity. By definition of rectangular quadruples, 
R{PiQ) = R(s,t) / 0. Write p = (pi,P2) and do the same for q, s and t. Note that 

Pi ¥= Qi, «i ¥= h- 

Consider the map q 



*{x,y) 


° s z , 


where 








z 


9i ~ 


«1 
Pi 






X 


= si - 


zpi, 






y 


= S 2 - 


Z~ 1 P2 



This map is rectangle preserving, so all that is required is to check that 4>(pi,P2) 
(si,s 2 ) and 4>(qi,q2) = (*i,<2)- Indeed, 

<t>(Pl,P2) = Ol - ZPl +Zpi,S 2 ~ Z~ X P2 + Z~ 1 p 2 ) = (SI,S 2 ), 

as required. Also, since (qi — Pi)(q2 — P2) = (*i — si)(^2 — $2), 

<t>{<li,<l2) = (si + z(qi - pi), s 2 + 2 _1 (g 2 - P2)) 

i (*i-si)(t 2 -S2) 

tl,S2 + ^ 

91 "Pi 

(tl,t 2 ). 



□ 



Remark 5. Note that the case of zero rectangular area shall be excluded indeed: if 
p and q share the same abscissa, while s and t share the same ordinate, then one 
has = R(p, q) = R(s, t), but there is no (ft £ Gr such that (ft(p) = s and (ft(q) = t. 
Equivalently, there is no orientation-preserving transformation swapping the two 
branches of the light cone in two dimensions. 

Definition 6. Let p, s £ M 2 . Then 

L ps := {(ft £ G R : (ft(p) = s.} 

Corollary 7. Letp, q,s,t £ P such that R(p, q) 7^ 0. Then (p, q, s, t) is a rectangular 
quadruple if and only if L ps n L q t ^ 0. 

Observe that for any quadruple (p, q, s, t) of points from M 2 , 

(20) \L ps r\L qt \ > 1 & (p,s) = (q,t). 

Indeed, the condition \L ps n L qt \ > 1 means, in particular, that the system of linear 
equations s\ = x + zpi, t\ = x + zq\ has more than one solution (x, z), which may 
only happen if qi = Pi, s± = t±. Similarly \L ps n L qt \ > 1 implies that (72 = P2-, 
S2 = t 2 - 
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Definition 8. Let \P : Gr ->■ R X R X R* 6e £/ie map defined by 

y( T (x,y)°Sz) ■= (x,yz,z). 
Since z ^ 0, \£ is a bijection. 
Lemma 9. Lei p,s £ R 2 . TTien L s = ^(-L ps ) is a line in R 3 , punctured at z = 0. 
Proof. Write p = (pi, P2) and s = (s\, s?). Then 

L ps = {(4> = T X)V o S z ) : si = x + zpi, s 2 = y + z~ 1 p 2 }. 
Hence, for z £ R*, 

x = si-piz, yz = -p 2 + s 2 z, z = z, 

which parameterises a punctured straight line in the coordinates (x,yz,z). □ 

Denote 

L = {l ps : p,s £ P}. 

So L is a set of N 2 lines in R 3 , punctured at z = 0, whose elements Z ps = ^(Lp^), 
after an obvious change of signs to symmetrize things, are 

(21) l ps = {(x, y,z) :x = si+ p\z, y = p 2 + s 2 z, z / 0}. 

Remark 10. Note that the set L ps is the right coset in Gr of the translation that 
takes p to s by the subgroup stabilising s, which is the 50(1, l)-type subgroup 
of hyperbolic rotations, with s as the origin. Topologically SO(l, 1) = R U R, a 
punctured line, the equation ()2ip providing an explicit parameterisation for the 
line. 

We summarise the argument so far as follows. 

Corollary 11. Let p,q,s,t E P, such that R(p,q) 7^ 0. Then (p,q,s,t) is a rectan- 
gular quadruple only if l ps n l q t 7^ 0. Thus if S is a set of points inKxlxl* where 
pairs of distinct lines intersect, and for a £ S, n(a) denotes the number of pairs of 
distinct lines from L intersecting at a, then 



(22) Q<5>(a). 



aes 

Corollary 1111 means that the problem of counting the number of non-zero solutions 
to (fTHl) to prove Proposition [3] has been reduced to a question about the number 
of pairwise crossings of a set of iV 2 lines in R 3 . However, (\22h may be refined a 
step further, as not all pairwise intersections should be counted: an intersection 
lps H lqt yields a rectangular quadruple only if the points p, q do not share a common 
coordinate. 



X 




+ p x z = si 




y 


+ S 2 Z = P2 


ax 


+ Py 


+ jz =5. 
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2.3. Proof of Proposition [3]. Let us check the assumptions (i)-(iii) of Theorem[2] 
applied to the set L of lines. The second assumption is the one concerning almost 
all of the ensuing discussion, so it is considered last of the three. 

(i) No more than N lines can be concurrent. This is indeed true. If more than TV 
lines l ps intersect at a point, there is some p G P and <fi G Gr, such that (f>(p) = s, 
and (j)(p) = s' for some distinct points s and s'. This is clearly a contradiction. 

(iii) No more than O(N) lines can lie in a single doubly ruled surface. The analysis 
of Proposition 2.8 and Lemma 2.9 from [7] can be copied verbatim to show that this 
condition holds. 

(ii) Let it be some plane in R 3 , with equation ax + j3y + jz = 5. Consider the 
intersection of it and some line l ps in L. This intersection is the set of all (x,y,z), 
with z ^ 0, that satisfy the following system of equations: 

(23) 

The line l pq lies in the plane it only if (1231) has infinitely many solutions. This 
happens only if the system of equations is degenerate, i.e., the rows of its coefficients 
are linearly dependent. This may not occur if a = (3 = 0. 

If the plane ir is such that both a, /3 7^ 0, then the linear dependence of the rows 
of the coefficients of (123D would mean that the quartet (pi,P2, s%, 82) is such that 

api + j3s 2 = 7, as\ + /3p 2 = 5. 

Thus given p = (pi,P2), there is only one possible s = (si,S2) to satisfy the above 
equations, and hence the plane tt may not contain more than iV lines from the set 
L. 

Suppose now that the plane tt is such that /3 = 0. Then we can fix a = 1, and the 
linear dependence of the rows of the coefficients in (I23p means that p\ = 7, s% = 5. 

The same argument applies to the case a = 0. Hence we have shown the following. 

Lemma 12. The assumption (ii) of Theorem^ fails for some plane ir if and only 
if it has equation 

(i) either x + p\z = s\ where the coefficients (pi,si) are such that there are 3> N 
pairs of points (p,s), with abscissae pi,s\, respectively, 

(ii) or y + S2Z = P2, where the coefficients (p2,S2) are such that there are 3> N 
pairs of points (p,s), with ordinates P2,S2, respectively. 

Remark 13. Note that in the special case P = A x A the above scenario in Lemma 
LT2l cannot occur, and so all the conditions of Theorem [2] are satisfied. Therefore, the 
following analysis is not needed in order to prove the sum-product type estimates 
([6]) and ([7]), which follow right at this point, by Theorem [2j (A slight generalisation 
of this is the Case 2 below.) However, the scenario in Lemma [T2l already takes place 
if P = A x B, with, say \B\ = o(\A\). 



In view of Lemma fT2| let us label an abscissa or ordinate rich if there are > 2y/N 
points of P having this abscissa or ordinate; otherwise it is labeled as poor. Then, 
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since strictly less than each fourth point of P may have both coordinates labeled as 
rich, at least one of the following two cases always occurs. 

Case 1. There is P' C P, containing at least 25% of points of P are such that one 
specific coordinate is rich and the other poor. 

Case 2. There is P' C P, containing at 25% of points of P are such that both 
coordinates are poor. 

If Case 2 occurs, then we replace P by P' , restricting all the above constructs, 
such as Q, L to it. It follows from Lemma [12] that the assumption (ii) of Theorem 
[2] is now satisfied. Theorem [T] follows. 

Hence, throughout the rest of the proof it will be assumed that P is such that all 
its abscissae are rich and all ordinates are poor. That is, assumption (ii) of Theorem 
[2] fails in a plane ir if and only if the equation of ir is x + p\Z = s%, where p\, s\ 
are some two abscissae from P's set of abscissae. Let us refer to these planes as 
rich planes. Thus, each line l ps defined in (j2ip lies in one and only one rich plane. 
Whenever we have, for some rich plane w, that ir contains two distinct lines l ps and 
Iqt, this means that p% = q\ and s\ =t\, so R(p, q) = R(s, t) = 0, so the intersection 
of lp S and l q t does not contribute to the number of rectangular quadruples Q. Thus 
we can refine (1221) as follows: 



(24) Q«J>», 

aes 

where n*(a) is the number of pairs of distinct lines incident to a, but not lying in 
the same rich plane. 

To complete the proof of Proposition [3] let A: be a dyadic integer, such that 2 < 
k = 2 3 < |~log 2 N~\ , and let Sk be a subset of S, containing all points a, incident to 
a number of distinct lines from L in the interval (k/2, k]. It will be shown that for 
any k = 2 J in the above interval, 



(25) ^n*(a)«iV 3 , 

which then guarantees (|18p . Following [7], the cases k = 2 and 3 < k < N are 
addressed separately. 

The case k = 2. The assumption (ii) did matter for the case in [7], see Theorem 
2.10 therein. However, adapting this case to the desired estimate (|25p is trivial. 
Indeed, whenever some a 6 Si is such that the two lines incident to it lie in some 
rich plane, one has n*(a) = 0, i.e this a does not contribute to the quantity Q. At 
all other points a S Si the assumptions of Theorem 2.10 of [7J are satisfied. More 
precisely, for the set 



S* = {a£S 2 : n*(a) > 0}, 
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the proof of Theorem 2.10 in [7] applies verbatim to yield the estimate [S^l <C A 3 , 
and hence 

J]n»«A 3 . 

(TGS 2 

The case k > 3. This case requires a slight adaptation of the proof of Proposition 
4.7 in [7J, whose statement, and basically one sub-estimate - coming from Lemma 
4.21 in [7J — depend on assumption (ii) of Theorem [2l The following argument 
replaces Lemma 4.21 in the proof of Proposition 4.7 in \7\, an adaptation which 
leads to the desired estimate (125|) . The reader is referred to the original paper |7J 
for the main body of the proof of Theorem [2] as well as the exhaustive description 
of its strategy and machinery used. 

One chooses a parameter 

(26) d = CN 4 \S k \- 1 k- 3 , 

for some large enough C, and uses the Polynomial Ham Sandwich theorem to de- 
compose R 3 , by means of a polynomial surface Z = {Pd(x, y, z) = 0} of degree d, for 
some polynomial Pd of three variables, into ~ d 3 disjoint open cells, each of which 
contains <C *-Jr points of St- 

Observe that if it happens that d>f, then one has 

iV 3 

(27) \S k \ « -p, 

and therefore 

£ n(a) « A 3 , 

CTGSfc 

which implies (|25p . So it can be assumed that 

N 

(28) d<— . 

k 

Part of the set S' k C S k may lie in the cells' interiors and part of it S' k ' C S k on 
their boundaries, that is on the surface Z. 

The "cellular case" (Lemma 4.8 of p 7 ]) applies verbatim, proving that 

And hence the net contribution of the set S' k to the quantity Q is <C k 2 \ S' k \ <C A^ 3 . 
It remains to consider the "algebraic case" , where the subset S k of points of S& 
lying on the surface Z constitutes its large proportion. The algebraic case splits then 
into the "critical case" and the "flat case" , as to whether a £ S k is a critical or flat 
point of Z. As far as the critical case is concerned, the considerations there in [7J do 
not invoke assumption (ii) and can be repeated verbatim, once again establishing 
the bound <C -p- for the total number of elements a of Sk which lie on the surface Z 
and are critical points. And hence the net contribution of the set of critical points 
in Sk to the quantity Q is 0(N 3 ). 



\s' k \<. 
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The last sub-case is the "flat subcase", concerning the points a of S'l which lie 
in Z and are such that there is a well-defined tangent plane to Z at a. Such points 
belong to closures of two and only two cells. The analysis in [7] and the estimate 
O(-tt) does not apply only only to the set Xk of those points a G Sk which are 
supported in rich planes, which are factors of the polynomial Pd- 



Hence it remains to estimate the contribution to (|25p of the set X^ to the number 
of rectangular quadruples Q, using (plj) . For a £ X^, let it (a) be the unique rich 
plane which contains such a and is a factor of Z. Let k\{a) <C k be the number 
of lines of L transverse to n(a) and incident to a. The point a contributes to the 
quantity Q only if k\ > 0, the maximum contribution being 0{k\k). Fix a dyadic 
value of 1 < k\ = 2 3 <C k. Let X^ ^ be the set of such points a, for which the 
number of incident lines transverse to tt is approximately k\ . 

It can be assumed that k\ is sufficiently small relative to k, that is for every 
a G Xk^ in the number of transverse to vr(cr) lines incident to it is smaller than the 
number of lines incident to the point a within vr(o"), denoted as /^(cr). This enables 
basically to discard the possible contribution k\ of the point a to the quantity n* (a) , 
by dominating it with k±k2, or equivalently assuming that for all a E Xk, ^2(0") 3> k. 

Indeed, the cardinality of the set X' k of points a G X^, such that the number 
of lines transverse to vr(cj) at a is > ck is, bounded, by Bezout theorem, by -^-. 
Substituting the value for d from (|26p yields once more the bound \X' k \ <C -tt, hence 
0(N 3 ) for the contribution of the set X' k to the rectangular quadruples count Q. 

Thus we can discard the set X' k from X^, that is assume that the quantity n*{a) 
is 0{k\k2). Summing these over a is done further with some care in the following 
estimate (|29|) . using the Szemeredi- Trotter theorem inside each plane 7Tj to avoid 
acquiring an extra logarithmic factor owing to the dyadic parameter k\. 

For rich planes 7Tj, i < d, which are factors of the polynomials Pd, let X ni be the 
subset of Xk,^, containing those points a £ X^^u which lie in m. Let L, L be the set 
of lines of L contained in the plane 7Tj. Sets X- 1Ti for different values of i, containing 
flat points of Z, partition Xk,ki- So for every i, 

1 J ~ ki 

The sets L, are also disjoint, since each line of L lies in only one rich plane, so 
E t \U\ < N 2 . Besides, i < d. 

Then, if Jj denotes the set of incidences between Li and X Vi , then by the Sze- 
meredi- Trotter theorem, and then applying the Holder inequality to the lest term, 
one has 

2 

J2 \h\ «E N + \ x ^\ + (NI^D 1 « n2 + T" d + (ir) ' zZ l^l 1 

(29) i i l V l7 i 

n N 2 8 2 1 

< N 1 + —d + Nzki'zdz. 

h 
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Multiplying this by k±, the approximate number of lines transverse to each 7Tj at 
each point a £ Xk,ki, summing over the dyadic values of fei, from 1 up to k, taking 
into account that d <C t, yields the desired estimate: 

^2 n*(a) < N 3 . 

This completes the proof of Proposition [3] and Theorem Q3 

D 
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